Abstract. For p prime and for a field F containing a root of unity of order p, we generalize Marshall's equivalence relation on orderings to arbitrary subgroups of F × of index p. The equivalence classes then correspond to free pro-p factors of the maximal pro-p Galois group of F . We generalize to this setting results of Jacob on the maximal pro-2 Galois group of a Pythagorean field.
Introduction
Let p be a prime number and let F be a field of characteristic = p. We denote the compositum of all finite Galois p-extensions of F by F (p), and let G F (p) = Gal(F (p)/F ) be the maximal pro-p Galois group of F . One of the rare cases where the group-theoretic structure of G F (p) is completely understood is when p = 2, F is a Pythagorean field, and G F (2) is finitely generated (as a pro-2 group). Here F is called Pythagorean if every sum of squares in F is already a square. This is by striking results of Bill Jacob [J] , which are based on a decomposition theory for the so-called spaces of orderings, due to Murray Marshall [Ma1] . These spaces are an abstract setting in which one can develop most of the theory of quadratic forms over Pythagorean fields in a formal way (see [Ma3] for details). In the concrete case of spaces of orderings of Pythagorean fields, results equivalent to Marshall's were obtained by Craven in [C1] and [C2] .
In what follows, an ordering on a field F will be an additively closed subgroup P of the multiplicative group F × of F such that F × = P ∪ · − P . We denote the set of all orderings on F by X F . Call P 1 , P 2 ∈ X F equivalent if either P 1 = P 2 , or there exist P 3 , P 4 ∈ X F such that the orderings P 1 , P 2 , P 3 , P 4 are distinct, and the intersection of any three of them equals the intersection of all four (such a system is called a 4-fan). Marshall proves that this is indeed an equivalence relation on X F (see [Ma1, Th. 2.3] and [Ma3, Th. 4.6.1(2) ] for proofs in the more general case of abstract spaces of orderings, and [Mer, §4] for a proof in the concrete case of fields). As in [E1] we call this relation Marshall-equivalence. Now suppose that F is Pythagorean and that G F (2) is finitely generated (or what amounts to the same thing, X F is finite). To any Marshall-equivalence class C in X F we associate a closure F ⊆F ⊆ F (2) as follows: When C consists of a single ordering P we takeF to be a Euclidean closure of F at P , i.e., a relative real closure of (F, P ) inside F (2). When 1 < |C| there exists a valuation v on F with non-2-divisible value group, such that C consists of all orderings containing the 1-units of v (see [J] ; this is also a consequence of Bröcker's "trivialization of fans" theorem [Br] ). We then takeF to be a decomposition field of v inside F (2).
The Jacob-Marshall theory shows that for F as above, the partition of X F into equivalence classes corresponds to a decomposition of G F (2) as a free product in the category of pro-2 groups as follows (see also [Mi] , [EH, §3] and [E1] ):
(1) ifF is a closure of F at an equivalence class C, then GF (2) cannot be decomposed as a free pro-2 product in a nontrivial way;
(2) there exist closuresF 1 , . . . ,F n of F at the distinct equivalence classes C 1 , . . . , C n , respectively, of X F such that G F (2) = GF 1 (2) * 2 · · · * 2 GF n (2) (where * 2 denotes free pro-2 product); (3) if H 1 , . . . , H n are closed subgroups of G F (2) such that G F (2) = H 1 * 2 · · · * 2 H n , then each H i is generated by subgroups of the form GF (2), whereF is a closure of F at some Marshall-equivalence class; (4) if C is a Marshall-equivalence class in X F with closureF , then C is the image of the restriction map XF → X F ,P → F ∩P . Now the structure of the free pro-2 factors in (2) is known; namely, when |C i | = 1, GF i (2) ∼ = Z/2 [B] . When |C i | > 1, the valuation yieldingF i has a real Pythagorean residue fieldF i . In particular charF i = 0. By the Galois theory of tame valued fields, GF
, where the action of GF i (2) on Z m 2 is given by multiplication by the cyclotomic character (see §3(A) for details). Since GF i (2) is generated by fewer elements than GF i (2), we inductively obtain in this way a complete group-theoretic description of G F (2), as mentioned above.
In this paper we generalize Marshall's equivalence relation from the case of orderings on Pythagorean fields to the case of arbitrary subgroups of F × of index p, where F is an arbitrary field of characteristic = p containing the pth roots of unity (of course, an ordering has index 2 in F × ). We then prove generalizations of (1), (3) and (4) to our generalized equivalence relation and the pro-p group G F (p) (Theorem 6.4, Theorem 6.6, and Proposition 5.8, respectively) .
The expected generalization of (2) is an arithmetic variant of the so-called "elementary type conjecture". This conjecture was introduced in [Ma2] in the context of abstract Witt rings. It predicts that if such a ring is finitely generated, then it can be built-up in finitely many steps from the Witt rings of C, R, finite fields of characteristic = 2, and dyadic fields, using two natural algebraic constructions, called "direct sum" and "extension". The conjecture has been proved in many cases in the numerous works of Berman, Carson, Cordes, Craven, Fitzgerald, Kula, Marshall, Szczepanik, Szymiczek, Yucas and others (see the survey [Ma4] for more details and for references). Jacob and Ware ([JWr1] , [JWr2] ) translated this conjecture to the context of finitely generated maximal pro-2 Galois groups of fields and free pro-2 products. It was then generalized in [E2] (see also [E4, Question 4.8] and [HwJ, Remark 2.14] ) to maximal pro-p Galois groups of fields (containing a primitive pth root of unity) and free pro-p products, where p is any prime number. In its "arithmetic" form, the conjecture then says that if G F (p) is finitely generated, then it is a free pro-p product of subgroups which are isomorphic to Z p , Z/2 (when p = 2), or are decomposition groups of valuations with nontrivial inertia group. This is known for several important families of fields -among them, global fields ( [E4] , [E6] ) and fields of transcendence degree ≤ 1 over a local field ( [JP] , [E7] ). In Theorem 7.4 we show that for these and several other families of fields, the natural generalization of (2) holds.
Our approach uses valuation-theoretic techniques, which are reviewed in §2. The analysis is based on the description of finitely generated groups G F (p) for F pHenselian with residue characteristic p, as obtained in [E5] , and on the indecomposability results of [E3] (which in turn are based on the pro-p version of the Kurosh subgroup theorem, as in [H] and [Mel] ).
Valuations
Let v be a (Krull) valuation on F . We denote the valuation ring, maximal ideal, residue field, and unit group of
The valuation v induces a topology on F with a basis consisting of all sets a + bm v , where a, b ∈ F and b = 0.
Next let S be a subgroup of
Then v and π v induce short exact sequences:
p , so (2.1) combine to the following short exact sequence:
Given valuations v and u on F , we say that v is finer than u (and that u is 
Also, there is a short exact sequence of ordered abelian groups [Bo, Ch. VI, §4.3] 
which induces an exact sequence of abelian groups 
Proof. Given a ∈ F × , the weak approximation property yields 
Proof. The map v → v/u is an order-preserving bijection between the partially ordered set of all valuations v on F finer than u and the partially ordered set of all valuations onF u (with respect to the coarsening relation; see [Bo, Ch. VI, §4.1, Prop. 2] 
The assertion now follows by taking inverse images with respect to π u and recalling that G u = Ker(π u ).
We say that a valuation v on the field F is almost p-adic ifF v is a finite field of characteristic p and there is a coarsening v of v such that charF v = 0 and such that the value group of v/v is Z. In particular, v/v has rank 1, so there is no valuation on F which is strictly coarser than v and strictly finer than v . It therefore follows from Proposition 2.1 that every proper coarsening of v is coarser than v . We call v the finest coarsening of v. Also let E =F v and let E 1 be the completion of E with respect to v/v . Being a complete discretely valued field of characteristic 0 and with finite residue field of characteristic p, E 1 is a finite extension of Q p . We set
It is straightforward to verify the following facts:
In addition to the case of almost p-adic valuations, we define the group G v for valuations v with charF v = p by simply setting
Next suppose that v is almost p-adic. Let v , E =F v , and E 1 be as above. As observed earlier, u must be coarser than v . By Lemma 2.4(a),
Now by Hensel's lemma [FeV, Ch. II, (1. 3)], the subgroup
As we have observed, the map
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p-Henselizations
From now on we assume that F is a field of characteristic = p containing the pth roots of unity.
A valuation v on F is called p-Henselian if it has a unique prolongation to F (p); equivalently, Hensel's lemma holds for polynomials of degree p (see e.g. [Br] , [Wd] for this and the following well-known facts). When charF v = p, the valuation v is p-Henselian if and only if
Then v is p-Henselian, and has the same value group and residue field as v. If u is another valuation on F which is coarser than v, then v is p-Henselian if and only if both u and v/u are p-Henselian. Also, for any p-
Also, the exact sequences (2.1) (forv and for the subgroup
p , and we get the desired isomorphism.
Let F nr be a maximal nonramified extension of (F, v) 
is p-Henselian, F nr is uniquely determined, and hence so is the inertia group. When 
(a)v has a unique coarseningv which extends v ; (b) v ,v have the same value group; (c) the valuationŵ =v/v on the residue fieldÊ of (F v ,v ) has the same value group, residue field, and completion as (E, w);
Proof. (a) The existence ofv follows from the Cohen-Seidenberg theorem (see [Jr, Lemma 9 .4]). The uniqueness follows from Proposition 2.1 and from the fact that distinct prolongations of a valuation to the same algebraic extension are necessarily incomparable [Jr, Cor. 6.6] .
(b), (c) We have a commutative diagram of abelian groups with short exact rows
where the right vertical map is an embedding. Hence all the vertical maps are equalities. The residue field of (E, w) isF v , and the residue field of (Ê,ŵ) is the same as the residue field of (F v ,v) , which is alsoF v . Thus (E, w) and (Ê,ŵ) are discretelyvalued fields of characteristic 0 with the same value group and residue field. Hence they have the same completion E 1 .
(d) This follows from Krasner's lemma [Jr, §12] .
(e) SinceF v /F is a p-extension, so is the corresponding extensionÊ/E of residue fields. LetÊ = E(p) ∩ E 1 and letŵ be the restriction toÊ of w 1 . By (c), (Ê ,ŵ ) is a valued field extension of (Ê,ŵ) with the same value group and residue field. Furthermore, sincev is p-Henselian, so isŵ. Henceŵ is the unique extension ofŵ toÊ . Sinceŵ,ŵ are discrete, the fundamental equality of valuation theory [Bo, Ch. VI, §8.5 
, so by (e), a ∈Ê, as desired. (g) By Hensel's lemma again, the group of p-powers in E × 1 is open with respect to the w 1 -topology on E 1 . Since E is w 1 -dense in E 1 , the homomorphism
Since (E 1 , w 1 ) is also the completion of (Ê,ŵ) (by (c)), the same argument gives an isomorphismÊ
Moreover, E 1 contains a primitive pth root of unity. In light of the structure of the multiplicative group of p-adic fields, the latter group has
, respectively, such that ρv = ρŵ • ρv . Their kernels are the corresponding inertia groups. Hence ρv maps the inertia group of v in F (p) onto the inertia group ofŵ in E(p). Also, (Ê,ŵ) and (E 1 , w 1 ) have the same residue field, so the restriction isomorphism G E 1 (p) ∼ −→GÊ(p) maps the inertia group of w 1 in E 1 (p) bijectively onto the inertia group ofŵ in E(p). However, the inertia group of the p-adic valuation w 1 in E 1 (p) is nontrivial. We conclude that the inertia group of v in F (p) is also nontrivial.
We now deduce an analog of Lemma 3.1 for the almost p-adic case:
Proof. We use the notation of Proposition 3.
where in the last step we used Hensel's lemma for (F v ,v ) . Therefore S ≤ S 1 . By Lemma 2.4(a) and Proposition 3. 4(a) ) and Gv ≤ S 1 . Hence the exact sequences in (2.1) for F , S, and v (resp.,F v , S 1 , andv ) give the exactness of the upper (resp., lower) row in the following commutative diagram:
By what we have seen, the right vertical map is an isomorphism. By Proposition 3.2(g) so is the left vertical map. We conclude that the middle vertical map is also an isomorphism. 2 . Now denote w = v/v . The completion (E 1 , w 1 ) of (E, w) is a 2-adic field, hence nonreal. Therefore there exist 0 = x 1 , . . . , x r ∈ E 1 with r i=1 x 2 = −1. Since E is w 1 -dense in E 1 , we can approximate x 1 , . . . , x r by elements y 1 , . . . , y r ∈ E, respectively, so that
p-connected valuations
, where the generator ε of Z/2 acts on a generator τ of Z 2 by τ ε = τ −1 . Alternatively, D ∞ = (Z/2) * 2 (Z/2), where the free factors are generated by the involutions ε, ετ . It follows from the semi-direct product decomposition ofD ∞ that its closed subgroups are of one of the forms 1, Z/2, Z 2 , andD ∞ .
A field E is Euclidean if (E × ) 2 is an ordering on E. Equivalently, G E (2) ∼ = Z/2 [B] . We say that a valuation v on our field F is exceptional if p = 2, (v(F × ) : 2v(F × )) = 2 andF v is Euclidean. Then in particular charF v = 0 and ( 
SinceD ∞ contains involutions, F is an ordered field. Hence so is its residue field F v [L, Th. 3.16(2) ]. In particular, charF v = 0 andF
HenceF v is Euclidean and v is exceptional.
Remark 4.2. This exceptional case can also be interpreted in terms of the theory of ordered fields. Namely, if v is an exceptional valuation on F , then (F × ) 2 G v is a preordering on F which is contained in precisely two orderings. Hence it is a trivial fan, in the sense of [L, Def. 5 .1]. However, not every fan which is contained in just two orderings arises from a valuation in this way. See [L, §5] for more information on fans and their connection to valuations. Definition 4.3. We say that a valuation v on the field F is p-connected if:
Lemma 4.4. Let v be a p-connected valuation on F and let u be a valuation on F which is strictly coarser than v. Then:
Next suppose that v is almost p-adic. Then u is coarser than the finest coarsening v of v. Since charF v = 0, also charF u = 0. By Lemma 2.4(a),
Lemma 4.5. Let v be a p-connected valuation on F . Then every coarsening u of v is nonexceptional.
Proof. Suppose that u is exceptional. Then p = 2 and charF u = 0. We choose 2-Henselizations (F u ,û), (F v ,v) 
It follows from Lemma 4.1 and from condition (ii) of Definition 4.3 thatv is exceptional, and hence so is v. This contradicts condition (iv).
p-equivalence
The next result is the key fact needed for our generalization of Marshall's equivalence relation:
Proposition 5.1. Let v 1 , v 2 be p-connected valuations on F and let u be their finest common coarsening.
Proof. If v 1 is coarser (resp., finer) than v 2 , then v 1 = u (resp., v 2 = u), so u is p-connected. We may therefore assume that v 1 and v 2 are incomparable. Then u is strictly coarser than both of them. We show that it satisfies conditions (i)-(iv) of Definition 4.3.
By Lemma 4.4(a), charF u = p, so G u = G u and condition (i) holds for u.
In particular, (iii) holds for u. Furthermore, by Lemma 2.5,
Hence condition (ii) holds for u. Finally, Lemma 4.5 gives condition (iv).
From this and from Lemma 4.4 we deduce:

Corollary 5.2. Let T be a proper subgroup of F
× containing (F × ) p .
The collection of all p-connected valuations v on F with G v ≤ T forms an inverse system with respect to coarsening; namely, if v 1 , v 2 are in this collection, then so is their finest common coarsening.
We denote the collection of all subgroups T of F × such that (F × : T ) = p by X p . Definition 5.3. We say that T 1 , T 2 ∈ X p are p-equivalent if either:
This relation is trivially reflexive and symmetric; Corollary 5.2 and Lemma 4.4 imply that it is transitive, hence an equivalence relation. When p = 2 it extends the Marshall-equivalence relation on orderings on a Pythagorean field, as we now show. 
Proposition 5.4. Assume that p = 2 and that F is Pythagorean. The following conditions on distinct orderings
P 1 , P 2 on F are equivalent: (a) P 1 , P 2 are 2-equivalent; (b) P 1 , P 2 are Marshall-equivalent; (c) there is a valuation v on F such that G v ≤ P 1 , P 2 and either (1) (v(F × ) : 2v(F × )) ≥ 4 or (2) (v(F × ) : 2v(F × )) = 2,
(iv)). However it is Pythagorean (since F is). Thus (F
2 is the intersection of all orderings onF v . Consequently, there are at least two such orderings. 
Thus v is 2-connected, so P 1 , P 2 are 2-equivalent.
Let C be a p-equivalence class in X p and let v be a p-connected valuation. We say that v corresponds to C if G v ≤ T for some T ∈ C. We note that every pconnected valuation corresponds to a unique p-equivalence class. Conversely, when |C| > 1 there is at least one p-connected valuation corresponding to C.
Lemma 5.5. Suppose that C is a p-equivalence class in
where v ranges over all p-connected valuations on F corresponding to C.
is the intersection of all the groups T ∈ X p containing it. Therefore it suffices to show that for T ∈ X p one has T ∈ C if and only 
In light of Corollary 5.2 it suffices to show that
Hence v also corresponds to C, so we are done by Lemma 5.5 again.
Corollary 5.7. Let C be a finite p-equivalence class in X p and let T ∈ X p . Then T ∈ C if and only if C ≤ T .
Proof. The "only if" part is trivial, and so is the "if" part when |C| = 1. Suppose that |C| > 1 and C ≤ T . Lemma 5.6 yields a p-connected
It is convenient to distinguish between the following three types of p-equivalence classes C in X p :
Type 1: C = {P }, with P an ordering on F (then necessarily p = 2, since otherwise
Type 2: C = {T }, with T not an ordering. Type 3: |C| > 1.
Definition. Let C be a p-equivalence class in X p . A closure of F at C will be a subextension F ⊆F ⊆ F (p) as follows:
• if C = {P } is of type 1, thenF is a Euclidean closure of F at P ;
Such a closure always exists. Indeed, for C of type 1 this follows from [B] . For C of type 2 it follows from Kummer theory. For C of type 3 Lemma 5.6 yields a p-connected valuation v corresponding to C such that C = (F × ) p G v , and we apply Lemma 3.1 and Lemma 3.3.
IfF is a closure of F at C, then so is σ(F ) for every σ ∈ G F (p). Also, for all three types,
Consequently we get the following generalization of part (4) of the Jacob-Marshall decomposition theory, as described in the Introduction.
Proposition 5.8. LetF be a closure of F at a finite equivalence class C. Then C consists of all restrictions F ∩T to F of subgroupsT ofF
× of index p.
Proof. Use the canonical isomorphism F
p and Corollary 5.7.
Free pro-p products of Galois groups
We say that a pro-p group H is indecomposable if it cannot be written as a free pro-p product H = H 1 * p H 2 , with H 1 , H 2 nontrivial closed subgroups of H. We say that H is strongly indecomposable if it is generated by a collection of closed indecomposable finitely generated subgroups
Clearly, every finitely generated indecomposable pro-p group H ∼ = Z p is strongly indecomposable. Conversely, a strongly indecomposable group is indecomposable -this is an immediate consequence of the following result, which is proved in [E3, Lemma 5.1]:
Next we show that closures at p-equivalence classes give rise to indecomposable pro-p Galois groups. To this end we first need a few preliminary facts.
Given a pro-p group G let H r (G) = H r (G, Z/p) be the rth profinite cohomology group of G with respect to its trivial action on Z/p [S2] . Let H * (G) = ∞ r=0 H r (G) be the cohomology ring with the cup product. One says that G is a Demuškin group [S2, I, §4.5] if it is finitely generated, H 2 (G) ∼ = Z/p, and the cup product
is nondegenerate (i.e., it has trivial left and right kernels).
Lemma 6.2. A pro-p Demuškin group is indecomposable.
Proof. Let G 1 , G 2 be closed subgroups of a pro-p Demuškin group G with
Since the cup product is nondegenerate, ϕ = 0. Thus H 1 (G 1 ) = 0, so G 1 = 1.
We will also need the following fact which is proved in [E3, Lemma 5.3 and Lemma 5.4]:
We can now generalize part (1) of the Jacob-Marshall theory as in the Introduction:
Proof. When C has type 1, p = 2 andF is Euclidean, so GF (p) ∼ = Z/2 is strongly indecomposable.
When C has type 2,
Finally suppose that C has type 3. ThenF is a p-Henselization of F with respect to a p-connected valuation v corresponding to C.
we are done again by Proposition 6.3. Finally, suppose thatv (
Since E 1 is a p-adic field containing the roots of unity of order p, local class field theory implies that G E 1 (p) is a finitely generated pro-p Demuškin group of rank ≥ 3 [S2, II, §5.6, Th. 4] . By Lemma 6.2 it is indecomposable. Being finitely generated and not isomorphic to Z p , it is in fact strongly indecomposable.
. Let T be a group in X p which contains S i for some 1 ≤ i ≤ n, and let C be the p-equivalence class of T . Then:
(recall that F contains the pth roots of unity). It follows that
Assume first that C has type 1 or type 3. Choose a closureF of F at C. By Theorem 6.4, GF (p) is strongly indecomposable. Proposition 6.1 therefore yields 1 ≤ j ≤ n and σ ∈ G F (p) such that L j ⊆ σ(F ). We may replaceF by σ(F ) to assume without loss of generality that σ = 1. Then
Finally, suppose that C has type 2, i.e., C = {T } with T not an ordering. Then (a) is clear. Since
ThusF is a closure of F at C as required in (b).
We can now generalize part (3) of the Jacob-Marshall decomposition theory:
is generated by subgroups of the form GF (p) for closuresF of F at p-equivalence classes.
is the intersection of all the groups T ∈ X p containing it. Given such T , let C T be its p-equivalence class. By Lemma 6.5, S i ≤ C T ≤ T , and furthermore,
The left map is an isomorphism, so the right map is also injective. This implies that L i = M i . The assertion follows.
Elementary decompositions
In this final section we relate our results to the arithmetic pro-p version of the elementary-type conjecture as discussed in the Introduction. To this end we need several preliminary results. Part (a) of the following Proposition is proved in [E5, Prop. 3.4] . Part (b) is implicit in the proof of [P, Kor. 2.7] (and was explicitly stated in [E5, Prop. 3.1] ). 
p is finite, and hence so is its epimorphic imageF .3) ). In light of assumption (2), Proposition 7.1(a) for (F v ,v) now implies that the latter group is nontrivial. Also, since 
If any of these free factors is a free pro-p group, then we may decompose it further into finitely many factors of the form Z p . We may therefore assume that each of the factors is either isomorphic to Z p or is not a free pro-p group. Likewise, if
by two factors of order 2. Thus we may assume that
With these assumptions being made, we now show that each L i is a closure of F at some p-equivalence class.
By Theorem 6.6 each G L i (p) is generated by subgroups of the form GF (p), wherê F is a closure of F at some p-equivalence class. If G L i (p) is pro-p cyclic, then it must coincide with one such group, so L i is a closure as desired.
Next suppose that G L i (p) is not pro-p cyclic. Then L i =F v is a p-Henselization of F with respect to a valuation v having a nontrivial inertia group in F (p). In light of the reductions above, Lemma 7.2(b) yields a p-connected coarsening u of v.
Let C be the unique p-equivalence class to which u corresponds. Note that |C| > 1. In light of Lemma 5.6, we may replace u by a coarser p-connected valuation to assume without loss of generality that C = (F × ) p G u . LetF u be a p-Henselization of (F, u) . In light of Lemma 3.1 and Lemma 3.3,
ThusF u is a closure of F at C. After replacingF u by an F -isomorphic copy we may also assume
is not pro-p cyclic, neither is GF u (p). Theorem 6.4 therefore implies that GF u (p) is strongly indecomposable. Now Proposition 6.1 gives rise to 1 ≤ j ≤ n and σ ∈ G F (p) such that GF
In light of the structure theory of free pro-p products ( [HR, Th. B'] , [Mel, Prop. 4.9] ), this can happen only when i = j and σ ∈ G L i (p). It follows thatF u = L i , and we are done once again.
(b)⇒(a): We show that every closureF of F at a p-equivalence class C is p-local.
If |C| = 1, then GF (p) is pro-p cyclic, so this follows from [B] . If |C| > 1, thenF =F v is a p-Henselization of F with respect to some pconnected valuation v. If charF v = p, then the inertia group of (F, v) in F (p) is isomorphic to Z m p , with m = dim F p (v(F × )/p) ≥ 1 ( §3(A)). Hence it is nontrivial. If v is almost p-adic, then its inertia group in F (p) is nontrivial by Proposition 3.2(i). Conclude thatF is p-local in this case as well.
We call a free product decomposition as in Proposition 7.3(a) an elementary decomposition of G F (p). Thus the arithmetic version of the elementary-type conjecture discussed in the Introduction says that whenever F contains a primitive pth root of unity and G F (p) is finitely generated, G F (p) has an elementary decomposition.
A field is called pseudo-algebraically closed if every geometrically irreducible affine variety over it has a rational point in the field [FJ, Ch. X] . We now obtain a partial generalization of part (2) Proof. This is proved in [E4] and [E6] (for case (i)), [JP] and [E7] (for case (ii)), [E8] (case (iii)), [E3] (case (iv)), and [J] and [Mi] (case (v)); note that case (v) is contained in case (iv).
Remark 7.5. As is explained in [JWr1] and [JWr2] , when p = 2 an elementary decomposition of the finitely generated group G F (2) (as in Proposition 7.3(a)) gives a direct product decomposition of abstract Witt rings (in the sense of [Ma2] )
• When L i is a 2-Henselization of F with respect to a valuation v with nontrivial inertia group in F (2) and charF v = 2, one has m = dim F 2 (v(F × )/2v(F × )) ≥ 1 ( §3(A)), and W (L i ) is the extension of W (F v ) by an elementary abelian 2-group of rank m (see [Ma2] ).
• When L i is a 2-Henselization of F with respect to a valuation v with charF v = 2, the Witt ring W (L i ) has elementary type [E5, Th. 5.5] . In fact, the proof of [E5, Th. 5.5] shows that W (L i ) is an extension by an elementary abelian 2-group of either the Witt ring of a dyadic field, or of the direct product of finitely many Witt rings of finite fields.
Thus the arithmetic version of the elementary-type conjecture (for maximal pro-2 Galois groups) implies the elementary-type conjecture for Witt rings.
